Let A q (α ′ , α, k) be the scattering amplitude, corresponding to a local potential q(x), x ∈ R 3 , q(x) = 0 for |x| > a, where a > 0 is a fixed number, α ′ , α ∈ S 2 are unit vectors, S 2 is the unit sphere in R 3 , α is the direction of the incident wave, k 2 > 0 is the energy. We prove that given an arbitrary function f (α ′ ) ∈ L 2 (S 2 ), an arbitrary fixed α 0 ∈ S 2 , an arbitrary fixed k > 0, and an arbitrary small ε > 0, there exists a potential q(x) ∈ L 2 (D), where D ⊂ R 3 is a bounded domain such that
Introduction
If q(x) = 0 for |x| > a, where a > 0 is some number, q(x) ∈ L 2 (B a ), B a = {x : |x| ≤ a}, then the corresponding scattering amplitude A q (α ′ , α, k) is defined as follows. Let α ∈ S 2 be a given unit vector, where S 2 is the unit sphere. The scattering problem consists in finding the scattering solution u(x, α, k), which solves the equation
and satisfies the following asymptotics:
Vector α is called the incident direction, the direction of the incident plane wave e ikα·x , vector α ′ is the direction in which the incident wave is scattered, and the coefficient A q (α ′ , α, k) is called the scattering amplitude. The properties of the scattering amplitude, corresponding to a real-valued, rapidly decaying at infinity q, has been studied in detail in the literature. (See, e. g., [2] ).
The inverse scattering problem with fixed-energy data consists in finding a potential q(x) from the knowledge of A q (α ′ , α, k) at a fixed k > 0 and all α ′ , α ∈ S 2 . The uniqueness of the solution to this probem in the class of real-valued, compactly supported, squareintegrable potentials was first proved by the author ( [4] ), who also gave a method for recovery of q from the exact fixed-energy data, an error estimate for this method, and stability estimates for the recovery problem ([7] ) as well as a method for a stable recovery of q from noisy fixed-energy data, and an error estimate for this method [5] , [6] , [7] . Until now this is the only known rigorously justified method for recovery of q from noisy fixedenergy data.
In this paper a new problem is studied. Let us assume that the incident direction α is fixed, α = α 0 , and k > 0 is also fixed,
be an arbitrary function. Fix an arbitrary small number ε > 0. Let D ⊂ R 3 be a bounded domain. The problem (P) is:
and how does one calculate such a q? Our basic result consists of an answer to these questions.
To calculate such a potential, we need some auxiliary results.
In what follows we always assume that α = α 0 ∈ S 2 and k = k 0 > 0 are fixed, and write α, k in place of α 0 and k 0 .
The following formula for the scattering amplitude is well known:
where u(x) := u(x, α, k) is the scattering solution and the dependence on α and k is not shown because α and k are fixed. If
then (4) is identical to (3). We now explain how one calculates q from equation (6), if h is given, and how one calculates h, satisfying (4), if f is given.
, one calculates h, satisfying (4) , by the formula:
where g µ,ν (k) := If h is found such that (4) holds, then q can be calculated from equation (6) . 
Then equation (6) has a unique solution:
Formula (9) holds also if condition (14) (see below) holds.
In Section 2 proofs are given.
Proofs
Proof of Lemma 1. Assume the contrary. Then
This implies
The left-hand side of(10) is the Fourier transform of a distribution f (β)
λ 2 , where δ(λ − k) is the delta-function and λβ is the Fourier transform variable in spherical coordinates. By the injectivity of the Fourier transform, (10) implies that f (β) = 0. 
where
, r = |x|, and the overbar stands for complex conjugate. Expand f in the Fourier series:
, r = |x|. Define h ℓ,m by (7). Then, by Parseval's equation, inequality (4) holds. Lemma 2 is proved.
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Remark 2. Alternatively, one may look for h in the form
, where (ϕ j , ϕ i ) = δ ij and c j = const, and minimize the left-hand side of (4) with respect to c j , 1 ≤ j ≤ J. If J is sufficiently large, the minimum will be ≤ ε. One may take not an orthonormal system of ϕ j , but just a linearly independent, complete (total) in L 2 (D), system of functions {ϕ j }.
Proof of Lemma 3. The scattering solution, corresponding to a potential q, solves the equation
If (6) holds, then u = u 0 − D ghdy. Multiply this equation by q and get
Using (6) and solving for q, one gets (9), provided that
Condition (14) holds if (8) holds. One has
and
, where a = Proof of Theorem 1. Given an arbitrary f ∈ L 2 (S 2 ) and an arbitrary small ε > 0, choose h, such that (4) holds. This is possible by Lemma 1 and is done analytically in Lemma 2. If such an h is found, then one calculates q by formula (9), provided that h is sufficiently small, i.e., f (β) is sufficiently small. If f (β) is arbitrary, so that conditions (8) or (14) are not satisfied, then q is found numerically.
Let us prove that for any 
